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In this paper we formulate and prove a generalization of the Spanier–Whitehead duality theorem
in the generalized stable shape category and discuss its consequences. Ó 2001 Elsevier Science B.V.
All rights reserved.
Keywords: Duality; Stable shape; Stable coshape; Compact metric space; CW-spectrum; Shape;
Coshape
AMS classification: 54C56; 55P55; 55P42; 55P25
1. Introduction
Spanier–Whitehead duality [12] was extended over the stable shape category by Lima
[6] and Henn [5]. The author and Segal [10] defined a stable shape category called the
generalized stable shape category so that it contains all topological spaces and CW-spectra
as objects, and proved the Whitehead and Hurewicz theorems in [10,11]. This category
enables us to consider an interplay between topological spaces and CW-spectra, and [11]
obtained an embedding of the generalized stable shape category restricted to compact
Hausdorff spaces into the weak homotopy category of CW-spectra and maps.
In this paper we obtain a generalization of Spanier–Whitehead duality theorem to our
generalized stable shape category so that every compact metric space corresponds to a CW
spectrum as its dual. Here we do not assume the finite dimensionality of compact metric
spaces. We also give applications to generalized homology theory, and discuss function
spaces and representability of functors from the viewpoint of duality.
The paper is organized as follows: In Sections 2 and 3 we recall the notions of
generalized stable shape and coshape theories which we will need in later sections. We
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obtain the duality theorem in generalized stable shape category in Section 4, and give
applications in the following section. In the final section we briefly discuss some dual
notions between shape and coshape categories.
Throughout the paper, unless otherwise stated, spaces mean topological spaces, and all
spaces are assumed to have base points, and all maps and homotopies preserve the base
points. Let HTop be the homotopy category of spaces and maps, and let HCpt, HCW and
HCWf be the full subcategories of HTop whose objects are compact metric spaces, CW
complexes and finite CW complexes, respectively. Also, let HCWspec be the homotopy
category of CW-spectra and maps, and let HCWfspec be the full subcategory of HCWspec
whose objects are finite CW-spectra.
For each category C, let obC denote the set of all objects of C , and for X,Y ∈ obC , let
C(X,Y ) denote the set of all morphisms fromX to Y . We will denote an inverse system and
a direct system in C byX = (Xλ,pλλ′,Λ), where pλλ′ means a morphism pλλ′ :Xλ′ →Xλ
for λ 6 λ′ if X is an inverse system, or a morphism pλλ′ :Xλ → Xλ′ for λ 6 λ′ if X
is a direct system. For any functors T1, T2 :C→ D and for any subcategory C ′ of C , let
NatC′(T1, T2) denote the set of all natural transformations from T1 to T2 on C ′.
2. Generalized stable shape category
In this section, we briefly recall the construction of the generalized stable shape theory.
For more details, see [10,11], and for definitions in shape theory we refer to [8].
Let p = (pλ) :X→ X = (Xλ,pλλ′,Λ) be an HCW-expansion of a space X in the
sense of [8], and let E(X) = (E(Xλ),E(pλλ′),Λ) be the inverse system in HCWspec
induced by the inverse system X in HCW. A morphism e :E(X)→E = (Ea, eaa′,A) in
pro-HCWspec is said to be a generalized expansion of X in HCWspec provided whenever
f :E(X)→ F is a morphism in pro-HCWspec, then there exists a unique morphism
g :E→ F in pro-HCWspec such that f = ge. For any two generalized expansions
e :E(X)→E and e′ :E(X)→E′
in HCWspec there exists the natural isomorphism i :E→ E′ in pro-HCWspec such that
ie= e′.
We define the generalized stable shape category Shspec for spaces as follows: Let
ob Shspec be the set of all spaces and CW-spectra. For any X,Y ∈ ob Shspec, let E(X,Y ) be
the set of all morphisms g :E→ F in pro-HCWspec where E is either a rudimentary
system (X) (if X is a CW-spectrum) or an inverse system of CW-spectra such that
e :E(X)→E is a generalized expansion of X in HCWspec (if X is a space), and similarly
for F . We define an equivalence relation ∼ on E(X,Y ) as follows: for g :E → F and
g′ :E′ → F ′ in E(X,Y ), g ∼ g′ if and only if jg = g′i in pro-HCWspec, where i :E→E′
and j :F → F ′ are the natural isomorphisms. We then define Shspec(X,Y ) = E(X,Y )/∼,
and write Shspec(X) = Shspec(Y ) provided X and Y are equivalent in Shspec. The stable
shape category for compact spaces defined by Henn [5] is embedded in Shspec. There is
also a functor from the shape category Sh to Shspec. We write Sh(X)= Sh(Y ) in the case
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thatX and Y are equivalent in Sh. Then, for any spaces X and Y , if Sh(ΣkX)= Sh(ΣkY )
for some k > 0 then Shspec(X) = Shspec(Y ). Conversely, for any compact Hausdorff
spaces X and Y with finite shape dimension [8, II, §1], if Shspec(X) = Shspec(Y ), then
Sh(ΣkX)= Sh(ΣkY ) for some k > 0.
Theorem 2.1. For any X,Y ∈ ob Shspec, there is an isomorphism
Shspec(X,Y )∼=NatHCWspec
(
Shspec(Y, _ ),Shspec(X, _ )
)
.
For each CW-spectrumE, letE∗ andE∗ denote the homology and cohomology theories
on HCWspec associated with E, respectively. So, for each CW-spectrum X and for each
q ∈ Z,
Eq(X)= [ΣqS0,E ∧X] and Eq(X)= [X,ΣqE].
Also, let Eˇ∗ and Eˇ∗ be the ˇCech extensions over Shspec of E∗ and E∗, respectively. So,
Eˇ∗ and Eˇ∗ form covariant and contravariant functors from Shspec to the category Ab of
Abelian groups and homomorphisms.
3. Generalized stable coshape category
Let C be a category. We denote by inj-C the inj-category which is a dual notion of the
pro-category pro-C . Using inj-C , for any category T and subcategory P of T , we have the
dual notions of expansion and dense subcategory in [8, I, §2], which we call coexpansion
and codense subcategory, respectively, and we have the characterization of coexpansion
which is dual to [8, Theorem 1, p. 20]. For any pair of categories (T ,P) such that P is
codense in T , we can define the abstract coshape category coSh(T ,P).
In the pointed case, HCWf is codense in HTop, and we have the coshape category coSh
for spaces, which is the weak homotopy type. However, in the unpointed case, we have the
coshape category which is coarser than the weak homotopy type (see [15, p. 223]).
We can also express the coshape in terms of natural transformations (cf. [8, Theorem 7,
p. 31]).
Theorem 3.1. Let T be a category and P a codense subcategory of T . Then, for any
X,Y ∈ obΣ , there is an isomorphism
coSh(T ,P)(X,Y )∼= NatP
(T ( _ ,X),T ( _ , Y )).
More generally, consider any category P and any class T of objects that contains all
the objects of P , and suppose that the pair (T ,P) is given morphisms with domain in P
and range in T in addition to the morphisms of P . Then for any X ∈ T the definition of
P-coexpansion of X is still well-defined, and we define P to be codense in T if there is a
P-coexpansion of any object of T . Hence the abstract coshape category coSh(T ,P) is well-
defined. Maps on general spectra are not defined, but the pair (T ,P) where P =HCWfspec
and T is the class of all spaces and CW-spectra still satisfies the above condition. The
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following theorem shows the existence of HCWfspec-coexpansions of any spaces and CW-
spectra.
Theorem 3.2. For each X ∈ ob HTop (respectively, X ∈ ob HCWspec), there exist a
direct system X= (Xλ,pλλ′,Λ) in HCWfspec and a system of homotopy maps p =
(pλ) :X= (Xλ,pλλ′,Λ)→ E(X) (respectively, p = (pλ) :X= (Xλ,pλλ′,Λ)→X) with
the following two properties:
(SCE1) For each finite CW-spectrum P and homotopy map f :P → E(X) (respec-
tively, f :P → X), there exist λ ∈ Λ and a homotopy map g :P → Xλ such
that f = pλg; and
(SCE2) For each finite CW-spectrum P and for each pair of homotopy maps g,h :P →
Xλ such that pλg = pλh, there exists λ′ > λ such that pλλ′g = pλλ′h.
Proof. First assume X ∈ ob HTop is path-connected. Let ϕ :K→X be a CW-approxima-
tion ofX. Then ϕ∗ :piSq (K)→ piSq (X) is an isomorphism for q ∈ Z. LetXλ =E(Kλ)where
Kλ runs through all the finite subcomplexes ofK , and orderΛ= {λ} by inclusion. For each
λ6 λ′, let pλλ′ :Xλ→Xλ′ be the homotopy class of the inclusion, and let pλ :Xλ→E(X)
be the homotopy class of the composite Xλ ↪→ E(K) E(ϕ)→ E(X). Then for any finite CW-
spectrum G,[
G,E(K)
] E(ϕ)∗→ [G,E(X)]
is an isomorphism, and hence we have properties (SCE1) and (SCE2). In the general
case, there exist an inverse system X′ = (X′λ,p′λλ′,Λ) and a system of homotopy maps
p′ = (p′λ) :X′ → E(ΣX) with properties (SCE1) and (SCE2). Then p = Σ−1p′ =
(Σ−1p′λ) :X = Σ−1X′ = (Σ−1X′λ,Σ−1p′λλ′,Λ)→ E(X) is a desired system of homo-
topy maps. For each CW-spectrum X, just consider the finite subspectra Xλ of X and the
inclusion maps Xλ ↪→X. 2
Thus HCWfspec is codense in the class of all spaces and CW-spectra, and hence we can
define the coshape category coShspec, which we call the generalized coshape category. We
write coShspec(X)= coShspec(Y ) if X and Y are equivalent in coShspec. We can similarly
define the generalized stable coshape coSh2spec for pairs.
Theorem 3.3. For any X,Y ∈ ob coShspec, there is an isomorphism
coShspec(X,Y )∼=NatHCWfspec
([ _ ,EX], [ _ ,EY ]),
where
EX =
{
X if X is a CW-spectrum,
E(X) if X is a space,
EY =
{
Y if Y is a CW-spectrum,
E(Y ) if Y is a space.
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For each CW-spectrum E, let Ê∗ and Ê∗ be the co- ˇCech extension of E∗ and E∗,
respectively. So, for each X ∈ ob coShspec and for each q ∈ Z, we define
Êq(X)= colim
λ
Eq(Xλ) and Êq(X)= lim
λ
Eq(Xλ),
where p = (pλ) :X= (Xλ,pλλ′,Λ)→ E(X) (or p = (pλ) :X= (Xλ,pλλ′,Λ)→ X) is
an HCWfspec-coexpansion ofX. Then Êq and Êq form covariant and contravariant functors
from coShspec to Ab. Indeed, Êq is naturally equivalent to Eq (see [13, 8.34]).
Theorem 3.4 (Margolis [9]). If (X,X0) is a pair of spaces such that piSq (X,X0) =
0 for q 6 n − 1 (n ∈ Z), then the stable Hurewicz homomorphism h :piSq (X,X0)→
Hq(X,X0;Z) is an isomorphism for q 6 n and an epimorphism for q = n+ 1. Moreover,
h is natural with respect to any morphism ϕ : (X,X0)→ (Y,Y0) in coSh2spec.
Theorem 3.5. Let ϕ ∈ coShspec(X,Y ). Then the following statements are equivalent.
(i) ϕ is an equivalence in coShspec;
(ii) ϕ∗ :piSq (X)→ piSq (Y ) is an isomorphism for all q ∈ Z;
(iii) ϕ∗ :Hq(X;Z)→Hq(Y ;Z) is an isomorphism for all q ∈ Z.
4. Duality in generalize stable shape
The following is a generalization of Spanier–Whitehead duality theorem in the
generalized stable shape category.
Theorem 4.1.
(i) For each compact metric space X, there exist a CW-spectrum X∗ and a natural
isomorphism
τ : Shspec(Y ∧X,E)→ Shspec(Y,X∗ ∧E)
for any compact Hausdorff space Y and CW-spectrum E. Moreover, such X∗ is
unique up to homotopy.
(ii) For each ϕ ∈ Shspec(X,X′) whereX andX′ are compact metric spaces, there exists
a map ϕ∗ :X′∗ →X∗ such that the following diagram commutes for any compact
Hausdorff space Y and CW-spectrum E:
Shspec(Y ∧X,E) τ Shspec(Y,X∗ ∧E)
Shspec(Y ∧X′,E)
Shspec(1Y∧ϕ,1E)
τ Shspec(Y,X′∗ ∧E)
Shspec(1Y ,ϕ∗∧1E) (1)
Moreover, such ϕ∗ is unique up to weak homotopy.
Proof. Let p = (pi) :X→ X = (Xi,pii′ ,N) and q = (qµ) :Y → Y = (Yµ, qµµ′ ,M) be
HCWf -expansions of a compact metric space X and a compact Hausdorff space Y ,
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respectively. Then since all Xi and Yµ are compact, p∧q = (pi ∧qµ) :X∧Y →X∧Y =
(Xi ∧ Yµ,pii′ ∧ qµµ′ ,N ×M) is an HCWf -expansion of X ∧ Y . So,
Shspec(Y ∧X,E)= colim
(i,µ)
[
E(Yµ ∧Xi),E
]
. (2)
For each i and µ, there is a natural isomorphism[
E(Yµ ∧Xi),E
] τi→ [E(Yµ),X∗i ∧E]
for some finite CW-spectrum X∗i (unique up to homotopy), and also a map p∗ii+1 :X∗i →
X∗i+1 so that the following diagram commutes:
[E(Yµ ∧Xi),E] τi∼=
α
[E(Yµ),X∗i ∧E]
β
[E(Yµ ∧Xi+1),E] τi+1∼= [E(Yµ),X
∗
i+1 ∧E]
where α and β are induced by pii+1 :Xi+1→ Xi and p∗ii+1 :X∗i → X∗i+1, respectively.
Then
colim
(i,µ)
[
E(Yµ ∧Xi),E
] ∼= colim
(i,µ)
[
E(Yµ),X
∗
i ∧E
]
∼= colim
µ
colim
i
[
E(Yµ),X
∗
i ∧E
]
. (3)
Now let M1 =X∗1 , and for each i > 1 we inductively define Mi+1 as the mapping cylinder
of the composite
Mi
ri−→X∗i
p∗ii+1−→X∗i+1,
where ri is the identity for i = 1 and the usual retraction for i > 2. Then we have a
commutative diagram:
X∗1
p∗12 X∗2
p∗23 X∗3 · · ·
M1
q12
⊆ M2
' r2
q23
⊆ M3
' r3
· · ·
Put X∗ =⋃∞i=1Mi . Then
colim
µ
colim
i
[
E(Yµ),X
∗
i ∧E
]∼= colim
µ
[
E(Yµ),X
∗ ∧E]= Shspec(Y,X∗ ∧E). (4)
By (2)–(4), we have
Shspec(Y ∧X,E)∼= Shspec(Y,X∗ ∧E).
Let ϕ ∈ Shspec(X,X′) be represented by ϕ = (ϕj ,ϕ) :E(X)→ E(X′) where p =
(pi) :X → X = (Xi,pii′ ,N) and p′ = (p′j ) :X′ → X = (X′j ,pjj ′ ,N) are HCWf -
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expansions of X and X′, respectively, and ϕj ∈ [E(Xϕ(j)),E(X′j )]. Then the commutative
diagram
E(Xϕ(j))
ϕj
E(X′j )
E(Xϕ(j ′))
E(pϕ(j)ϕ(j ′ ))
ϕj ′
E(X′
j ′)
E(p′
jj ′ )
induces the following commutative diagram:
Mϕ(j)
⊆
M ′j
ϕ∗j
⊆
Mϕ(j ′) M
′
j ′
ϕ∗
j ′
where Mi and M ′i are the mapping cylinders defined as in the above. Thus we can define
a map ϕ∗ :X′∗ → X∗ by ϕ∗|M ′j = ϕ∗j . Also, for each µ and j , there is a commutative
diagram:
[E(Yµ)∧E(X′j ),E]
[1E(Yµ)∧ϕj ,1E]
∼= [E(Yµ),X′∗j ∧E]
[1E(Yµ),ϕ∗j∧1E ]
[E(Yµ)∧E(Xϕ(j)),E] ∼= [E(Yµ),X∗ϕ(j) ∧E]
Taking limits, we have the commutative diagram (1). Finally, by (1), we can easily see that
such ϕ∗ is unique up to weak homotopy and that X∗ is unique up to homotopy. 2
Theorem 4.2. For any compact metric spaces X and Y , there is an isomorphism
D : Shspec(X,Y )→ coShspec(Y ∗,X∗).
Proof. Let p = (pi) :X→ X = (Xi,pii′ ,N) and q = (qj ) :Y → Y = (Yj , qjj ′,N) be
HCWf -expansions. Then
Shspec(X,Y )= lim
j
colim
i
[
E(Xi),E(Yj )
]∼= lim
j
colim
i
[Y ∗j ,X∗i ].
As in the proof of Theorem 4.1,
p∗ = (p∗i ) :X∗ =
(
X∗i , p∗ii′ ,N
)→X∗ and q∗ = (q∗j ) :Y ∗ = (Y ∗j , q∗jj ′,N)→ Y ∗
are HCWfspec-coexpansions. So, this is isomorphic to
lim
j
[
Y ∗j ,X∗
]= coShspec(Y ∗,X∗). 2
82 T. Miyata / Topology and its Applications 109 (2001) 75–88
5. Applications
Let Shcspec denote the full subcategory of Shspec whose objects are compact metric spaces
and finite CW-spectra, and let WCWspec denote the full subcategory of coShspec whose
objects are CW-spectra.
Theorem 5.1 (cf. Miyata and Segal [11, Theorem 8.8]). There exists a full embedding
Φ : Shcspec ↪→WCWspec.
Proof.
Claim 1. For any ϕ ∈ Shspec(X,Y ) and ψ ∈ Shspec(Y,Z) where X,Y and Z are compact
metric spaces, (ψ ◦ ϕ)∗ and ϕ∗ ◦ψ∗ are weakly homotopic.
Indeed, for any compact Hausdorff spaceW and CW-spectrumE, consider the following
commutative diagram:
Shspec(W ∧X,E) ∼=τ Shspec(W,Y ∗ ∧E)
Shspec(W ∧ Y,E)α ∼=τ Shspec(W,Y ∗ ∧E) α
′
Shspec(W ∧Z,E)
γ
β
τ
∼= Shspec(W,Z
∗ ∧E)
β ′ γ
′
where α,β, γ are induced by ϕ,ψ,ψ ◦ ϕ, and α′, β ′, γ ′ are induced by ϕ∗,ψ∗, (ψ ◦ ϕ)∗,
respectively. By the uniqueness of the induces maps in Theorem 4.1(ii), ϕ∗ ◦ ψ∗ and
(ψ ◦ ϕ)∗ are weakly homotopic.
Claim 2. 1∗X = 1X∗ where 1X ∈ Shspec(X,X) and 1X∗ ∈ Shspec(X∗,X∗) are the identity
maps.
Claim 3. For each map f :Y ∗ → X∗, there exists a unique ϕf ∈ Shspec(X,Y ) such that
ϕ∗f = f .
Indeed, let f :Y ∗ →X∗ be a map. Then for each CW-spectrum E, there exists a unique
map ϕf (E) : Shspec(Y,E)→ Shspec(X,E) which makes the following diagram commute:
Shspec(X,E) τ∼= Shspec(S
0,X∗ ∧E)
Shspec(Y,E)
ϕf (E)
τ
∼= Shspec(S
0, Y ∗ ∧E)
Shspec(1S0 ,f∧1E)
So ϕf (E) : Shspec(Y,E)→ Shspec(X,E), E ∈ ob HCWspec, form a natural transformation
Shspec(Y, _ )→ Shspec(X, _ ), and it is induced by a unique morphism ϕf ∈ Shspec(X,Y )
by Theorem 2.1.
Claims 1 and 2 show that the assignmentΦ : Shcspec→WCWspec defined byΦ(X)=X∗
for each object X ∈ ob Shcspec and Φ(ϕ)= ϕ∗ for each ϕ ∈ Shcspec(X,Y ) is a contravariant
functor, and Claim 3 shows that Φ is actually a full embedding. 2
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Recall that Shcspec with the product ∧ and the neutral object S0 forms a symmetric
monoidal category and similarly for WCWspec.
Theorem 5.2. Φ : Shcspec→WCWspec is an embedding of monoidal categories.
Proof. First, we claim that for any compact metric spaces X and Y , (X ∧ Y )∗ 'X∗ ∧ Y ∗.
Indeed, let p = (pi) :X→ X = (Xi,pii′ ,N) and q = (qj ) :Y → Y = (Yj , qjj ′,N) be
HCWf -expansions of X and Y , respectively. Then
p ∧ q = (pi ∧ qj ) :X ∧ Y →X ∧ Y = (Xi ∧ Yj ,pii′ ∧ qjj ′ ,N ×N)
is an HCWf -expansion of X ∧ Y , and the induced morphisms
p∗ = (p∗i ) :X∗ = (X∗i , p∗ii′ ,N)→X∗,
q∗ = (q∗j ) : Y ∗ = (Y ∗j , q∗jj ′,N)→ Y ∗,
(p ∧ q)∗
= ((pi ∧ qj )∗) : (X ∧ Y )∗ = ((Xi ∧ Yj )∗, (pii′ ∧ qjj ′)∗,N ×N)→ (X ∧ Y )∗
are HCWfspec-coexpansions. Since, for each i and j , (Xi ∧Yj )∗ 'X∗i ∧Y ∗j , then (X∧Y )∗
and X∗ ∧ Y ∗ are equivalent in coShspec, and hence (X ∧ Y )∗ ' X∗ ∧ Y ∗ since they are
CW-spectra.
Let ϕ ∈ Shspec(X,Y ) and ϕ′ ∈ Shspec(X′, Y ′) be represented by ϕ = (ϕj ,ϕ) :X→ Y
and ϕ′ = (ϕ′j , ϕ′) :X′ → Y ′, respectively, where p′ = (p′m) :X′ → X′ = (X′m,p′mm′ ,N)
and q ′ = (q ′n) :Y ′ → Y ′ = (Y ′n, q ′nn′ ,N) are HCWf -expansions of X′ and Y ′, respectively.
Then ϕ ∧ ϕ′ ∈ Shspec(X ∧X′, Y ∧ Y ′) is represented by ϕ ∧ ϕ′ = (ϕj ∧ ϕ′n,ϕ × ϕ′) :X ∧
X′ → Y ∧ Y ′. Then we have the following commutative diagram:
(Yj ∧ Y ′n)∗
'
(ϕj∧ϕ′n)∗ (Xϕ(j) ∧X′ϕ′(n))∗
'
Y ∗j ∧ Y ′∗n
ϕ∗j∧ϕ′∗n
X∗ϕ(j) ∧X′∗ϕ′(n)
Since the induced morphisms
p∗ ∧p′∗ :X∗ ∧X′∗ →X∗ ∧X′∗, q∗ ∧ q ′∗ :Y ∗ ∧ Y ′∗ → Y ∗ ∧ Y ′∗,
(p ∧p′)∗ : (X ∧X′)∗ → (X ∧X′)∗, (q ∧ q ′)∗ : (Y ∧ Y ′)∗ → (Y ∧ Y ′)∗
form HCWfspec-coexpansions ofX∗ ∧X′∗, Y ∗∧Y ′∗, (X∧X′)∗ and (Y ∧Y ′)∗, respectively,
then the following diagram commutes in coShspec:
(Y ∧ Y ′)∗
'
(ϕ∧ϕ′)∗
(X ∧X′)∗
'
Y ∗ ∧ Y ′∗ ϕ
∗∧ϕ′∗
X∗ ∧X′∗
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Thus Φ(ϕ ∧ ϕ′)=Φ(ϕ) ∧Φ(ϕ′) in WCWspec. It is obvious that Φ preserves the neutral
object S0, and hence we have the theorem. 2
Theorem 5.3. For each compact metric space X, there is a natural isomorphism
Eˇn(X)∼=E−n(X∗) and Eˇn(X)∼= Ê−n(X∗).
Proof. For each n ∈ Z, Eˇn(X) = Shspec(X,ΣnE). By Theorem 4.1, this is naturally
isomorphic to Shspec(S0,ΣnE ∧ X∗) ∼= Shspec(Σ−nS0,E ∧ X∗), but since Σ−nS0
and E ∧ X∗ are CW-spectra, this is isomorphic to [Σ−nS0,E ∧ X∗] = E−n(X∗).
This establishes the first isomorphism. For the second part, let p = (pi) :X → X =
(Xi,pii′ ,N) be an HCWf -expansion of X. Then Eˇn(X) = limi[ΣnS0,E ∧ E(Xi)],
and this is naturally isomorphic to limi[ΣnS0 ∧ X∗i ,E] = limi E−n(X∗i ). Since the
induced morphism p∗ :X∗ →X∗ forms an HCWfspec-coexpansion of X∗, this is naturally
isomorphic to Ê−n(X∗). This verifies the second isomorphism. 2
Lemma 5.4. Let X and Y be compact metric spaces, and let ϕ ∈ Shspec(X,Y ) and n ∈ Z.
Then
(i) (ΣnX)∗ and Σ−nX∗ are homotopy equivalent; and
(ii) (Σnϕ)∗ =Σ−nϕ∗ in coShspec.
Proof. For the first part, let p= (pi) :X→X = (Xi,pii′ ,N) be an HCWf -expansion of
X. Then Σnp = (Σnpi) :ΣnX→ ΣnX = (ΣnXi,Σnpii′ ,N) is an HCWf -expansion
of ΣnX. Let Mni and Mi be the mapping cylinders as in the proof of Theorem 4.1. So the
following diagram commutes:
(ΣnX1)∗
(Σnp12)
∗
(ΣnX2)∗
(Σnp23)∗
(ΣnX3)∗ · · ·
Mn1
'
⊆
Mn2
'
'
⊆
Mn3
'
'
· · ·
Σ−1M1
⊆
Σ−1M2
⊆
Σ−1M3 · · ·
Σ−1X∗1
Σ−1p∗12
Σ−1X∗2
'
Σ−1p∗23
Σ−1X∗3
'
· · ·
Then (ΣnX)∗ =⋃∞i=1Mni and Σ−nX∗ '⋃∞i=1Σ−nMi are equivalent in coShspec, and
hence they are homotopy equivalent as required. For the second part, let p = (pi) :X→
X = (Xi,pii′ ,N) and q = (qj ) :Y → Y = (Yj , qjj ′,N) be HCWf -expansions of X and
Y , respectively. Let ϕ ∈ Shspec(X,Y ) be represented by ϕ = (ϕj ,ϕ) :E(X)→E(Y ). Then
Σnϕ ∈ Shspec(ΣnX,ΣnY ) is represented by Σnϕ = (Σnϕj ,ϕ) :ΣnE(X)→ ΣnE(Y ).
Then (Σnϕ)∗ = colimi (Σnϕi)∗ and colimiΣ−nϕ∗i = Σ−nϕ∗, and since (Σnϕi)∗ '
Σ−nϕ∗i for each i , (Σnϕ)∗ =Σ−nϕ∗ in coShspec. 2
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A contravariant functor h : HCpt → Ab is continuous if it satisfies the following
condition (see [4,14]):
(CA) For any compact metric space X, every HCWf -expansion p = (pλ) :X→X =
(Xλ,pλλ′,Λ) of X induces a colimit
h(p)= (h(pλ)) :h(X)= (h(Xλ),h(pλλ′),Λ)→ h(X).
Theorem 5.5. The category HOM of homology theories on HCWfspec and natural
transformations fully embeds in the category COHOM of continuous cohomology
theories on HCpt and natural transformations.
Proof. We define a functor E :HOM→ COHOM as follows: Let h∗ = (hq, ∂q : q ∈ Z)
be a homology theory on HCWfspec. For each X ∈ ob HCpt, let hq(X) = hˆ−q(X∗),
and for each f ∈ HCpt(X,Y ), let hq(f ) = hˆ−q (f ∗) :hq(Y )→ hq(X). Also for each
X ∈ ob Shcspec, let σq(X) :hq+1(ΣX)→ hq(X) be defined as ∂ˆq (X∗) : hˆ−q−1(Σ−1X∗)→
hˆ−q(X∗). We claim that h∗ = (hq , σ q : q ∈ Z) forms a cohomology theory on HCpt.
Indeed, consider a cofibre sequence X
f
↪→ Y g↪→ Y ∪f CX of compact metric spaces. Then
there exist HCWf -expansions
p = (pi): X→X= (Xi,pii′ ,N),
q = (qi): Y → Y = (Yi , qii′,N),
r = (ri ): Y ∪CX→ Y ∪CX = (Yi ∪CXi, rii′ ,N)
of X, Y and Y ∪CX, respectively, such that the following diagram commutes:
X
p
f
⊆ Y
q
g
⊆ Y ∪CX
r
X
f
Y
g
Y ∪CX
where f = (fi) and g = (gi) are level morphisms consisting of the inclusion maps, and
each level sequence
E(Xi)
E(fi )−→ E(Yi) E(gi )−→ E(Yi ∪CXi)
is a cofibre sequence. So there is an induced cofibre sequence
X∗i
f ∗i←− Y ∗i
g∗i←− (Yi ∪CXi)∗.
Since p∗ :X∗ → X∗, q∗ :Y ∗ → Y ∗ and r∗ : (Y ∪ CX)∗ → (Y ∪ CX)∗ are HCWfspec-
coexpansions and since each sequence
h−q(X∗i )← h−q(Y ∗i )← h−q
(
(Yi ∪CXi)∗
)
is exact, then the colimit
hq(X)← hq(Y )← hq(Y ∪CX)
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is also exact, and hence h∗ is a cohomology theory on HCpt. To see that h∗ is continuous,
let p = (pi) :X→ X = (Xi,pii′ ,N) be an HCWf -expansion of X. Then since p∗ =
(p∗i ) :X
∗ = (X∗i , p∗ii′ ,N)→ X∗ is an HCWfspec-coexpansion of X∗, then the induced
morphism
hˆ−q(p∗)=
(
hˆ−q(p∗i )
) : hˆ−q(X∗)= (hˆ−q (X∗i ), hˆ−q(p∗ii′),N)→ hˆ−q(X∗)
is a colimit, which is equivalent to saying that
hq(p)= (hq(pi)) : hq(X)= (hq(Xi), hq(pii′),N)→ hq(X)
is a colimit, and hence h∗ is continuous. Thus, for each h∗ ∈HOM, we define E(h∗) =
h∗. For each natural transformation T∗ :h∗ → h′∗, we define E(T∗) = T ∗ :h∗ → h∗′
as T q(X) = T̂−q(X) :hq(X) = hˆ−q (X∗)→ hˆ′−q (X∗) = h′q(X). We can easily check
that E(T∗) is a natural transformation of cohomology theories, that for any natural
transformations T1∗ :h∗ → h′∗ and T2∗ :h′∗ → h′′∗, E(T2∗ ◦ T1∗)= E(T2∗) ◦ E(T1∗), and that
for the identity 1h∗ :h∗ → h∗, E(1h∗) = 1h∗ , the identity h∗ → h∗. Hence E :HOM→
COHOM defines a covariant functor.
Let T ∗ ∈ COHOM(h∗, h′∗), and let h∗ = E(h∗) and h′∗ = E(h′∗) for h∗, h′∗ ∈
obHOM. For each E ∈ ob HCWfspec, E∗ ∈ ob HCWfspec and (E∗)∗ ' E. So, hq(E) =
h−q(E∗) and h′q(E) = h′−q(E∗), and hence T ∗ induces a unique element T∗ ∈
HOM(h∗, h′∗) such that E(T∗) = T ∗. This shows that E :HOM→ COHOM is a full
embedding. 2
6. Shape theory from the viewpoint of duality
Duality and function spaces. For any spacesX and Y , let YX be the set of all maps from
X to Y which is equipped with the compact-open topology.
Theorem 6.1. LetX and Y be locally compact Hausdorff spaces. ThenX and Y are equiv-
alent in Sh if and only if ZX and ZY are weak homotopy equivalent for each ANR Z.
Proof. Suppose X and Y are equivalent in Sh. Let Z be an ANR, and let K be a finite
CW-complex. Then since ZK is an ANR, there is an isomorphism of sets
HTop(X,ZK)→HTop(Y,ZK).
Using the exponential law, we obtain an isomorphism HTop(K,ZX)→ HTop(K,ZY ).
ThusZX and ZY are equivalent in coSh and hence weak homotopy equivalent. Conversely,
suppose ZX and ZY are weak homotopy equivalent for any ANR Z. Then there is an
isomorphism HTop({∗},ZY )→HTop({∗},ZX). By the exponential law again, we obtain
an isomorphism HTop(Y,Z)→HTop(X,Z). Thus X and Y are equivalent in Sh. 2
Remark 6.2. The unpointed analog is also true if “weak homotopy equivalence” is
replaced by “equivalence in the unpointed coshape category”.
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Duality and representability of functors. For any categories D and R, the functors
from D to R together with natural transformations form a category, which we denote by
FUNC(D,R). Let Shc be the full subcategory of Sh whose objects are compact Hausdorff
spaces.
The generalizations of the well-known representability theorem of Adams [1] over the
shape and coshape categories come out as dual notions as shown in Theorem 6.3.
Theorem 6.3. There exist isomorphisms of categories
F :FUNC(HCWf ,Ab)→FUNC(Shc,Ab),
Fco :FUNC(HCWf ,Ab)→FUNC(coSh,Ab).
Proof. Let F and Fco be the functors defined by the ˇCech and co- ˇCech extensions. Then
we can easily show that these are isomorphisms of categories. 2
Corollary 6.4. Every contravariant functor h : Shc→ Ab (respectively, h : coSh→ Ab)
that satisfies the wedge and Mayer–Vietoris axioms on HCWf admits a CW complex Y
and a natural equivalence Tˇ : HTop( _ , Y )→ h on Shc (respectively, T̂ : coSh( , Y )→ h
on coSh).
We have analogous generalization of Brown’s representability theorem [2] over Sh and
the weak homotopy category of spaces.
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